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NOMENCLATURE 
Symbols Definitions Units 
IIAll2 = Li norm of vector or matrix A, defined 
IIAll2 = 
n 2 Llaijl 
i,j=l 
A = Complex conjugate of A 
s = Laplace operator 
s = Normalized Laplace operator 
6 = absolute difference 
ll. = percentage difference 
/1, = Eigenvalue of a square matrix 
p = Density of gas slugs/in3 
'Y = Specific weight lbf/in
3 
<I> = 0.48 (multiplication conversion factor from in3*hr/(ft3*s) 
Std. ft3*lbf/hr*in2 to Std. in3*lbf/s*in2 ) 
r = Transmission line propagation operator 
'\) = Kinematic viscosity (ft2/hr) 
µ = Dynamic viscosity (lbf-s/ft2) 
a=> b = a implies b 
A* = Hermitian adjoint of A, AT 
Ad = Diaphragm area in2 
a;+ = ith row, Jh column element of a matrix A 
A = Transpose of A 
B = Bulk modulus of the gas . psi 
B = Bessel function ratio 
Ber = Prandtl number Bessel function ratio 
C = Local speed of sound (in/s) 
Ceq = Equivalent damping coefficient lbf-s/in 
Cg = Valve flow coefficient (conventional definition) Std. ft3*lbf/(hr*in2) 
Cg = Valve flow coefficient Std. in3*lbf/(s*in2) 
Cg,R = Load valve flow coefficient Std. in3*lbf/(s*in2) 
Cg,L = Throat flow coefficient Std. in3*lbf/(s*in2) 
Cg,U = Upper chamber flapper valve flow coefficient Std. in3*lbf/(s*in2) 
Cg,V = Vent piping discharge flow coefficient Std. in3*lbf/(s*in2) 
DN = Dissipation number dimensionless 
f(xl,x2, ... ) = Functionfhas argument variables xl, x2, ... 
G = Specific gravity of gas dimensionless 
GL = Diaphragm linkage ratio dimensionless 
Im = Identity matrix, dimension: mxm 
j = 
Jo = 0th order Bessel function of the 1st kind 
J1 = 1st order Bessel function of the 1st kind 
kAd = Slope of diaphragm area model in2/in 
keg = Equivalent spring rate lbf/in 
kPo = Slope of boost pressure model psi/psi 
k, = Ratio of specific heats dimensionless 
L = Length if vent/transmission line (in) 
m = Mass slug 
M = Gas molar weight lbm/lbmol 
IX 
Symbols Definitions Units 
Ma = Mach number= VI ..Jk,.RT dimensionless 
p = Vector of system parameters 
pl = inlet pressure psia 
p2 = outlet pressure psia 
Pa1m = Atmospheric pressure psia 
PL Lower chamber pressure psia 
Po = Vector of nominal system parameter values 
PR Regulated pressure psia 
Ps = Supply pressure psia 
PT = Throat pressure (i.e. boost pressure registered to the psia 
lower chamber) 
Pu = Upper chamber pressure psia 
Pv :::: Vent pressure psia 
QL = Flow rate exiting the lower chamber Std in3/s (scis) 
QR = Regulated flow rate delivered to the load Std in3/s (scis) 
Qs = Supply flow rate admitted by the valve Std in3/s (scis) 
Qu = Flow rate exiting the upper chamber Std in3 /s (scis) 
R = Gas constant = Ro/M ft*lbf/lbm *0 R 
R = Radius of transmission line (in) 
Ro = Universal gas constant ft*lbf/lbmol *0 R 
sup = Supremum, least upper bound 
T = Temperature of gas OR 
t = time s 
V = Velocity in/s 
VL = Lower chamber volume in3 
VR = Discharge piping volume in3 
Vu = Upper chamber volume in3 
Vv = Vent piping volume in3 
X = Vector of state variables 
Xct = Diaphragm position m 
Xo = Vector of nominal state variable values 
XpJ = Spring pre-load m 
Xst = Total diaphragm stroke length in 
Xv = Valve position in 
Xv = Valve position in 
Zo = Impedance constant 
zl = inlet elevation ft 
z2 = outlet elevation ft 
X 
ABSTRACT 
Dynamic systems of high order often depend on multiple parameters. These parameters determine a 
system's robust performance and stability and are the focus of parameter optimization problems. These 
problems occur in countless engineering applications where design parameters are selected from a range of 
values. Selection of new parameters may be driven by the need to develop a new product or to allow an 
existing product to function under new operating conditions. Regardless of the circumstances, stability analysis 
should be addressed in any dynamic system given the desired performance specifications. Inherently, the 
stability and performance objectives are in conflict, giving rise to the optimization problem. Robustness is also 
very desirable so that a single product can be used in a wide variety of circumstances without compromising 
performance and stability. This can lead to lower part costs for manufacturers and lower inventory costs for end 
users. 
This paper first develops a linearized dynamic model for a nonlinear system based on engineering first 
principles and test data. Next, conditions for stability are described in terms of the system parameters. A 
sensitivity analysis procedure is described which graphically shows the local magnitude and directional effects 
that each parameter has on system stability and performance. From this analysis, the parameter perturbations 
for optimally stabilizing the system can be determined. Once key parameters have been identified, root loci are 
generated to provide further insight into the system. Finally, conclusions and parameter recommendations are 
made to yield a more robust system in terms of stability and performance. 
CHAPTER 1 INTRODUCTION 
The design objective of a system is to deliver gas to some load device at a set, constant pressure over 
the largest possible range of flow rates. The type of system discussed is a direct-operated device whereby a 
force feedback error is developed via a diaphragm between the regulated pressure and a loading spring. This 
diaphragm is then linked directly to the valve stem which admits or restricts flow according to the demanded 
flow of the load device. A schematic diagram is shown in Figure l. 
GL Pl Ql Vl 
1 
xv 
0 0 0 
Pu Qu Vu 
0 0 0 
,____......., Pr Qr Vr 
Cg 
Control 
VoJve VoJve 
Figure 1 System Schematic 
Pv Qv Vv 
The many components and volumes which comprise the system also create a high order, nonlinear 
dynamic system. The purpose of this research is to identify design parameters which result in stable operation 
of the system. Stable operation will be defined to mean that all derivatives of the dynamic variables will go to 
zero as time goes to infinity. Note that nonlinear systems have the potential for nontrivial (nonzero) limit 
cycles. These limit cycles are periodic solutions to the dynamical equations of fixed amplitude and frequency. 8 
This means that it would be possible for one of the variables, the diaphragm position for example, to oscillate at 
a fixed amplitude and frequency at steady state creating vibrations in the audible range. Further perspectives on 
stability and nonlinear vibration of mechanical systems are described by William Seto. Methods using the 
minimum potential energy principle can be used to determine stability and solutions of nonlinear differential 
equations in terms of elliptic integrals are presented. 1 
2 
The objectives of this research are similar to that of Lee, Bonner, and Leonard.2 This paper describes 
how experimental testing was used to develop a dynamic model which was then implemented on a computer to 
investigate the stability effects of various design parameters. There are, however, key differences between the 
research of Lee, Bonner, and Leonard and the results presented in this paper. For example, Lee, Bonner, and 
Leonard investigated a double-port regulator, and it was also assumed that the upper chamber pressure was 
constant and equal to atmospheric pressure. In addition, Lee, Bonner, and Leonard investigated the source of 
low frequency pulsation instability of approximately 3 Hz. This paper focuses on the source of a much high 
frequency, audible vibration believed to be in the range of 100-500 Hz. Despite these differences, Lee, Bonner, 
and Leonard 's results do provide a starting point for the results presented in this paper and are summarized in 
Table 1. 
Table 1 Lee, Bonner, and Leonard Double Port Regulator Results2 
Design Parameter Performance Effect 
Spring rate (increase) Stabilizing 
Load volume (increase) Stabilizing 
Lower chamber volume (decrease) Stabilizing 
Control line resistance (increase) Slightly Stabilizing 
Coulomb friction (decrease) Destabilizing 
Viscous dampening (increase) Slightly Stabilizing 
Diaphragm hysteresis Slightly Stabilizing 
Diaphragm mass Negligible Effect 
Dynamic flow forces in the closing direction Slightly Stabilizing 
Another recent study by Favret, Jemmali, Cornil, Deneuve, and Guiraud investigated the stability 
criteria with respect to three parameters.3 This analysis used a 6th order linearized model with the state variables 
diaphragm position and velocity, upper and lower chamber pressures, regulated pressure, and the pressure 
within the throat connection between the lower chamber and the valve seat. The three parameters investigated 
were the load flow, the downstream volume, and the length of the throat connection between the lower chamber 
and the valve seat. The results are indicated in Table 2. 
Table 2 Favret, Jemmali, Cornil, Deneuve, and Guirand Results3 
Design Parameter Performance Effect 
Increases in the length of the throat connection Destabilizing 
between the lower chamber and the valve seat 
Increases in the load flow Stabilizing 
Increase in the downstream volume Stabilizing 
It will be shown that the results of this study are consistent with the :findings of Favret et al. Another 
paper st~tes the following three suggestions for stable operations.4 
· • Use the smallest orifice capable of passing the desired maximum load flow. 
• The size of outlet piping should be the same size as the outlet for at least 18 inches. 
3 
• Velocity boosting should be used to minimize the "droop" effect and obtain tighter pressure regulation. 
Droop is the phenomenon where regulated pressure decreases with increased flow. Droop, often 
referred to as the inverse of proportional band*, results primarily from spring and diaphragm effects.5 The 
spring effect occurs as the spring relaxes and the valve opens. The further the valve opens, the more the spring 
relaxes, and the smaller the force applied to the top of the diaphragm. The diaphragm effect results from an 
increase in the effective area as the valve opens. Both the spring and diaphragm effect act in a manner that 
increases droop. 
Velocity boosting is designed to counteract the effects that droop has on the regulated pressure. 
Velocity boosting registers the vena contracta pressure of the valve to the diaphragm rather than the actual 
regulated pressure. The rationale is that the droop effect at the vena contracta is larger than the droop of the 
regulated pressure. Therefore, the valve is opened further and tighter regulation is obtained. 
The dynamic flow forces acting on the valve can also be significant for small valve openings and low 
flow.6 The magnitude of the flow force may be small comparedto the diaphragm forces, however, it is the 
large derivative of this force that contributes to the dynamics of the system. Beyond 50% open, the spring and 
diaphragm effects dominate over the flow forces. 
This study will extend these conclusions to include the stabilizing effects of many more system 
parameters. It will also illustrate how individual parameters affect the dynamic stability and performance of the 
system and the relative stabilizing effectiveness between multiple parameters. Once the manner in which 
design parameters affect the stability is determined, it then becomes possible for design engineers to select 
optimal designs based on the manufacturing costs associated with altering the design parameters. This 
information will also give field engineers rules of thumb by which they can most effectively stabilize plants 
given various field installation situations. 
u -u. 
* KP = max mm where u is the control variable and K is the controller gain. 
K 
4 
CHAPTER 2 SYSTEM MODEL 
The system model is developed with the objective of capturing both the steady state and dynamic 
response characteristics of the system. To facilitate further analysis, the simplest first principle equations are 
used when possible to reduce the nonlinearities in the model. In reference to Figure 1, the following sign 
convention is used. 
xd>O for increased valve opening 
Qs>O for flow into the system 
Qr>O for flow out of the lower chamber 
Qu>O for flow out of the upper chamber 
Qv>O for vent flow out of the system 
Qr>O for load flow out of the system 
2.1 First Principles Linear Model 
2.1.1 State Variable Relationship Equations 
. 1) 
2) 
3) 
4) 
5) 
6) 
7) 
8) 
QR = C g,R PR - P atm is the flow rate delivered at the regulated pressure . 
QL = C g,L (PL - Pr) is the flow rate out of the lower chamber. 
Qu = C g,U (Pu - Pv) is the flow rate out of the upper chamber. 
Q5 = Cg P5 is the flow rate admitted by the valve. 
Qv = Cg ,v (Pv Patm) is the flow rate out of the vent piping. 
cg = J(xd) is the flow coefficient of the valve. 
Pr = J(Q5 , P5 , PR) is the throat pressure at the inlet to the lower chamber. 
Ad = f (x d ) is .the diaphragm area. 
The load restriction flow coefficient, ·Cg,R is not a parameter of the system. This flow coefficient 
represents the input to the dynamical system. In order for the dynamic model to account for downstream 
volumes, some model must be developed for the load as seen by the system. Physically, the flow demanded of 
the system is determined by a downstream valve. This valve may be at the inlet to a residential furnace or water 
heater for example. It is the position of this valve that determines the valves flow coefficient and thus the 
restriction as seen by the system. Therefore, this flow coefficient Cg,R is a natural selection for the input to the 
dynamic system. For instance, linear and nonlinear dynamic simulations of the system model will be presented 
for step changes in Cg,R• Physically, this is a more accurate than investigating dynamics for step changes in the 
delivered flow. 
5 
The square root model of equation 1 can be justified given the low pressure drop across this load valve. 
Under the assumption of incompressible flow, the Bernoulli equation across the load valve is 
1 2 1 2 . p 1 +- pV1 + )11,1 = p 2 +- pV2 + )11, 2 . Further assummg V1 -<-< V2 and z1 = z2 = 0, the equation 2 2 
1 2 ~---
reduces to p 1 - p 2 = - pV2 • For a uniform velocity profile, V oc Q Q oc p 1 - p 2 • Now the 
2 
validity of this model only holds when the assumption of incompressible flow holds. As a rule of thumb, flow 
can be assumed incompressible for Mach numbers Ma<0.3 which can be expressed as the pressure drop 
p -p k Ma 2 
requirement 1 2 - ' .7 This implies the following. 
P2 2 
k, = 1.31, Ma= 0.3, p 2 = l4.7(psia) pk Ma
2 • 
p 1 - p 2 -< 2 ' -< 0.8666(psza) = 23.7(inWC) 
2 
It will be seen that the test data does not exceed this limit. 
2.1.2 Dynamic Model Equations 
1) PR = .!!_ (Qs + QL - QR) is the 1st derivative of the regulated pressure. 
VR 
2) 
. B(Ad.xd -QL) . PL = _.;.._;;;__;'---_.=..;.. is the 1st derivative of the lower chamber pressure. 
Vu, 
3) 
· B(-Ad.xd -Qu) Pu = ------- is the 1st derivative of the upper chamber pressure. 
Vuo 
4) Pv = .!!_ (Qu - Qv ) is the 1st derivative of the vent piping pressure. 
Vv 
5) 
d .x d = -(x d ) is the 1st derivative of the diaphragm position (velocity). 
dt 
6) X, = [-(k,,)xd -(c,,)x, -( + Ad rL + (Ad )Pu+( A:, +k,, (x,, +x,il)}s 
the 2nd derivative of the diaphragm position (acceleration). 
The dynamic modeling equations 1-4 result from the application of the continuity equation to their · 
respective volumes. This model is identical to that used by Lee, Bonner, and Leonard to model the lower 
chamber volume dynamics.2 
Substituting the state variable relationship equations in to the dynamic modeling equations results in a 
5tli order linear dynamic model for the system. This system can be represented in state space form and the 
stability of the system investigated as follows. 
6 
~y=CLU+D~u 
This is the dynamic system for which we are interested in analyzing the stability with respect to 
parameter variations. In order to utilize the numerous linear analysis tools, the nonlinear system is first 
linearized. Justification for analysis of the linearized system stems from Lyapunov's indirect method theorem 
which states the following: 
For a given nonlinear system x(x) where x=0 is the equilibrium operating point and the function .x 
maps a neighborhood of the origin to R0 and is continuously differentiable, then the following statements hold. 
1) The origin is asymptotically stable if all eigenvalues of -( X have negative real ax j ax x=O 
components. 
2) The origin is unstable if one or more eigenvalues of -(x have positive real components. 8 ax j ax x=O 
This theorem states that if any operating point x is selected such that X = 0 , then there must exist 
some non-empty asymptotically stable region around x for the nonlinear system if and only if all eigenvalues of 
the linearized system have negative real components. Note that the linearization process requires selection of a 
nominal operating state, x0 , and nominal parameters, P 0 • Defining P as the set of all system parameters and x as 
the set of all state variables, the dynamic model can be expressed in the following nonlinear form: 
x = x(x,u,P) 
y= y(x,u) 
Once a dynamic model has been developed for the system, a steady state operating point, x0 , is 
determined by selecting nominal parameter values, P 0 , and setting all derivatives to zero. The stability of the 
system about this operating point will then be investigated. After linearization, the resulting linear time 
invariant differential equations can be represented in state space form as follows. 
~y=CLU+D~u 
Therefore, from Lyapunov's indirect method theorem, the stability and the dynamic performance of the 
nonlinear system at the operating point is determined by the eigenvalues of the matrix A. Note that after 
linearization A= A(x0 , u0 , P) and the parameters in the set Pare the only variables. The objective of the 
steady state testing is to determine approximate values for these parameters. 
7 
2.1.3 Model Assumptions 
The dynamic model for the system is based on assumptions. These assumptions are made in an effort 
to capture all significant physical phenomenon with the simplest model. The assumptions are as follows: 
1) Hysteresis and backlash in the mechanical linkage are negligible. 
2) Mechanical linkage friction is negligible. 
3) The spring rate is linear over the entire stroke. 
4) All flow is considered adiabatic with negligible heat loss to the surroundings. 
5) The flapper valve has a constant flow coefficient due to small transient differential pressures. 
2.2 Block Diagram 
The state variable relationships and the dynamic equations can be combined and represented in block 
diagram form (see Figure 2). 
QJ.1 
Figure 2 System Block Diagram 
8 
CHAPTER 3 STEADY STATE TESTING 
The steady state testing was performed solely by Uy Ngu so that approximate values for system 
parameters could be determined. Uy Ngu developed test hardware and data acquisition systems for four test. 
The results obtained by were then used to infer nonlinear characteristics of the system and aid in finding 
accurate models for these characteristics. The results of the testing are shown in Appendix A. The first three 
tests involved the flow coefficients associated with the valve, throat, and vent. 
Figure 34 in Appendix A shows the Cg curve for the valve as well as the fit based on the following 
model. Note that the units used in the analysis and the model differ from the conventional definition, Cg, which 
is standard ft3/hr at 1 psi. The conversion between the two values is Cg= <l>Cg. 
where kcg1=78.38, kcg1=86.98, and kcg1=7635. 
A square root model between the throat flow and differential pressure is suggested by Figure 35. 
However, the proportional model of Figure 36 is used instead. The linearized square root model has infinite 
slope at the zero flow or steady state condition. Since this can not be evaluated, the proportional model must be 
used for analysis. One the other hand for the vent, the better fit of Figure 38 suggests the proportional model is 
more accurate that the square root model for differential pressures above 1 in WC. This is likely due to the 
nonlinearity of the flapper valve. For differential pressures below 1 in WC, the curve is much flatter. This is 
shown by the zoom view of Figure 39. The discontinuity occurs where the flapper valve lifts off the seat. For 
stability analysis about the steady state point where the differential pressure is zero, it is the slope in this flat 
region that is of primary interest. 
It is known that the diaphragm contributes a nonlinear spring force upon the valve stem. This is 
accounted for in the model by allowing for a variable effective diaphragm area as shown in Figure 40. 
Separating the data according to the up and down stroke direction, hysteresis is assumed to be negligible. 
Further analysis of the effective diaphragm area is given by Parker and White.6 Briefly, the effective area is 
based on the diameter between the crests of the flexible portion of the diaphragm. 
Figure 42 exhibits the boost effect where the regulated pressure increases with both flow and supply 
pressure. This is a result of the fluid flow dynamics near the valve and specifically at the point where pressure 
is registered to the lower chamber. Recall that droop pressure is defined as the difference between the regulated 
pressure and the pressure which is registered to the lower chamber, and is therefore related to the boost effect. 
Figure 43 suggests a Bernoulli relationship for the droop pressure. Taking the square root of the droop pressure, 
Figure 44 confirms the Bernoulli relationship. It also suggests that there may be flow inertia effects taking 
· place near the valve seat. The flow obviously goes to zero for zero pressure differential, however, the linearity 
is lost for Q.<200 (scfh) which occurs near the valve seat. A linear model was developed and the calculated 
9 
values of the model are compared to the test data in Figure 45 . The fact that the calculated boost pressure does 
not go to zero as flow goes to zero indicates inaccuracies in the model. This is most likely the unmodeled flow 
inertia effects. This is remedied by forcing the model to have a Y axis intercept of zero. Given the unmodeled 
effects and the linear approximations to the model, the discrepancy between the model and the test data is 
shown in Figure 46. 
CHAPTER 4 PARAMETER SENSITIVITY ANALYSIS 
Using first principles, a set of nonlinear dynamic modeling equations can be written in terms of system 
parameters P and states x. 
i = x(x,u,P) 
y= y(x,u) 
Once a dynamic model has been developed for the system, a steady state operating point, x0 , is 
determined by selecting nominal parameter values, P0 , and setting all derivatives to zero. The stability of the 
system about this operating point will then be investigated. The nonlinear system can be linearized so that 
linear analysis tools can be used. The resulting linear time invariant differential equations can be represented in 
state space form as follows. 
b..y = C!xx + Db..u 
The stability and the dynamic performance at the operating point is determined by the eigenvalues of 
the matrix A. For high order systems if the magnitude of the real portion of a particular eigenvalue is 5 to 10 
times that of all remaining eigenvalues, then the particular eigenvalue may be considered the dominant pole. As 
such, it is primarily responsible for the transient response characteristics of the system. 9 Assuming that the 
system exhibits a dominant eigenvalue, then the effects of parameter perturbations on the trajectory of the 
dominant eigenvalue are of interest. The following is a procedure to answer this question. More specifically, 
the optimum percentage change in each parameter will be determined such that the dominant eigenvalue moves 
in a desired trajectory. 
Note that after linearization 
A= A(x0 ,U0 ,P) 
ai,.i = ai,_;(x0 ,u0 ,P) 
It can be proven that zeros of a polynomial are a continuous function of the polynomial coefficients. 10 
Then in the s=jro domain, the eigenvalues, 'A, of A can be represented as a polynomial in s: 
11 
{,1,1 • • • ,1,J = roots of Jsl n - AJ 
A={s:isin 
isin -Al= (s+A1)(s+A2)···(s+An) = Sn +blsn-l +···bn =0 
where bi= J(A) 
bi =bi(x0 ,u0 ,P) 
:. A = continuous function of the parameters P 
Now under the assumption that A is differentiable with respect to P and that Ak is algebraically simple 
(i.e. Ak is unique), then the following theorem holds: 10 
Given a small 8 > 0: Ak ( 8) is an eigenvalue of (A+ bE) and that Ak is an eigenvalue of A, then 
for 
x: Ax= Akx (left eigenvector of A cooresponding to Ak) and 
y : y * A = Ak y * (right eigenvector of A cooresponding to Ak) 
d ' - y* Exl -/1.,k -
d8 y * X 0=0 
a 1 - yixj 
--/1.,k ---
daij y * x 
This theorem gives the relationship between the derivative of an eigenvalue Ak with respect to an 
element in the defining matrix A using the eigenvalue's corresponding left and right eigenvectors x and y. This, 
however, is not the derivative or trajectory of interest. It is desired to find the derivative or trajectory of Ak with 
respect to a given parameter Pm• According to the chain rule, this trajectory is just the product of two vectors, 
the trajectory of Ak with respect to a given element aii and the trajectory of the given element aii with respect to 
the parameter. Given the nonlinear expression a .. = a .. (x u P ) ., the change aiJ. with respect to the parameter 
U 11 o' o' m 
Pmis given by 
a 8a .. =-a .. 
lj dP " m 
8Pm = a! aij(xa,ua,Pm,J8Pm 
P,n=P,n,o m 
For investigating the relative stabilizing effects between parameters, the percentage change in 
8P 
parameters Mm = _m_ will be of more interest than the absolute change in a parameter 8Pm. Defining the 
pmo 
da .. 
coefficient D..a;,· = --11 Pm O , the change in the eigenvalue can be expressed as follows: · dP · m 
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Using the chain rule, the trajectory of "-k associated with parameter Pm and the ai/h element of A can be 
expressed as the product 
a [ a r a J --A = -A --a dM k da .. k dM ij 
m aij lJ m 
When the parameter appears in multiple elements of A, the net trajectory will be the summation over 
all elements of A given by the expression 
Using the above result, the derivative of the selected dominant eigenvalue with respect to a given 
parameter Pk can be expressed as a linear function of the change in the parameter L'.1Pk. This result can be 
extended to the case where multiple parameters are perturbed simultaneously. Due to the linearity of the 
expression, the net effect of perturbing multiple parameters is then just the summation of all trajectories 
m a 
L--Ak . This sum can be expressed in matrix notation as follows: 
l=I dPi 
a ... P,2 
Note that Ap represents the numerical constant coefficients which are evaluated given the nominal 
operating point. This equation now represents a linear mapping between the change in system parameters and 
the change in the selected dominant eigenvalue. In general, a P,i will be a complex number representing both 
the magnitude and direction of the eigenvalue trajectory with respect to changes in the ith parameter. 
Before any meaningful results can be obtained, a desired trajectory for the dominant eigenvalue, SA,d, 
must be established. Under the assumption that a system exhibits a dominant eigenvalue, or complex conjugate 
pair of eigenvalues, it is often desirable for eigenvalues to lie on a line corresponding to a damping ratio, ~, of 
0.707.9 In the complex plane, this is aline from the origin with slope=-1, i.e. a trajectory of-.707+.707j as seen 
· in Figure 3. Therefore, when the dominant eigenvalue already lies on this line, the desired trajectory is -
.707+.707j such that the transient decay rate is increased while maintaining a damping ratio of .707. When the 
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dominant eigenvalue does not lie along the trajectory -.707+.707j, the desired trajectory, /111,d, must be adjusted 
to first obtain a damping ratio of ~=0.707 and then proceed along the trajectory -.707+.707j. The desired 
eigenvalue trajectory for stability and performance is developed as follows: 
;i,. yd =IAIIYdjcos(0), 
yd= [-.707 +.707 1yd' =l 
. A• yd - - 1yd' .. l;i,I 
(A• yd)= 1yd' 
yd 
yd= yd(A• yd) 
x= yd -A= yd(;i,. yd)-;i, 
yd +X 
-,yd +xi 
The denominator normalizes the desired trajectory creating a unit vector. 
II) 
l 
0.7 
0.6 
0. 
0.4 
0.3 
0.2 
0.1 
Desired Eigenvalue Trajectory: Example 
______ I ____ _ _____ 1 ______ I ______ I ______ I _____ I ______ I _____ I 
I .,,,.,,. I I I I I I I 
I ,,,. I I I I I 
I .,' bfd I I X 
~, I 
----,£~-----4------------+-----~------~-----~------~-----~ 
I .,,. I I I I I I ,,/ I'. I I 
I .,,,,. I I I I I X I I\ I I 
I,,,.,., I I I I I ,., I . 
.t I I I I I 1.,..,.. I \ I I 
i i : : .,,,."i i \ A i i 
.6.A. I I I .,, I I I I 
I I I I ,,."' I . I . I I 
_l ______ l ______ I _____ .,,. _____ L __ . __ J ___ '-. _I _____ J 
I I I I I I I 
I 
I 
I 
I I I l I -. I I 
I y-d I \ I 
I I I I \1 I ------~-----4------~-- -+---- ~------ -----~------~-----~ 
I I I I I I I I\ I 
I I I 
I I I 
I f I I I ------r-----,------r-----y---- 7 -
I I I I I I 
I I I I I 
I I I I I 
______ 1 _____ 1 ______ 1_ Damping Ratio=.707 
I I Eigenvalue 
Desired Trajectory 
Correction Vector x 
I I'· I 
I I \ I 
I I , I 
- - - - - - r - ·. - - - 7 
I I \ I 
I I 
I I ___ \_J 
0 ------
-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 
Real Axis 
Figure 3 Desired Eigenvalue Trajectory: Example 
14 
Now that a desired trajectory !J,.'A,d for the dominant eigenvalue has been established, we seek a unit 
vector !J,.p which represents the relative percentage change in each parameter required to move the dominant 
eigenvalue along !J,.'A,. First, to guarantee that the solution for !J,.p is real all complex values are separated into 
two components and the equation is expressed in an equivalent form using only real values. 
a ... 
P,2 
/ipm 
where !iJ E C and Ap E C1,m and ME Rm,i can be expressed as 
A [ real(!iJ)] -
Ii = imag(!iJ) = ApM 
real(a )· ·· P,2 
imag(a )··· P,2 
where !iJ E R2,1 and Ap E R2 ,m and ME Rm,I 
If m, the number of parameters in the sensitivity analysis, is greater than 2 then Ap E R2,m is a fat 
matrix with a non-empty null space and there are an infinite number of solutions, M , to the equation 
A.PM= !iJd. In this case, the equation is under-determined and every solution will have zero error where 
the error is defined as e = ApM-!iJd. Ifm=2, then Ap E R2,m is a square matrix and there exists an 
unique solution with zero errot. For m<2, the equation is over-determined and there will be a non-zero error. 
For the over-determined case, the optimal solution minimizes the error and can be determined from the least 
d (- T - )-l - T d squares fit equation M = AP Ap Ap liA .11 This least squares method can not be applied to the 
under-determined case since the null space of Ap makes (AP TAP t singular. 
The advantage of this sensitivity analysis is the ability to view the effects of multiple parameters on 
stability so the under-determined case is of most interest. For an infinite number of solutions, the optimal 
solution will move the eigenvalue along the desired trajectory most efficiently. In other words, the optimal 
solution will produce the largest change in the eigenvalue along the desired trajectory for the smallest change in 
the parameters. Both the magnitude change in the eigenvalue and the parameters are measured in the L2 sense. 
Therefore, it is desired to find the optimal solution Md such that IIMd 11 2 = ~n{IMll 2 : ApM = !iJd}. 
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Due to the non-zero null space of Ar, every solution can be expressed as M = t::,pd + t::,pN where 
MN E nullspace(Ap) .12 From this expression it is easy to see that any solution with a non-zero t::,pN will 
not minimize jjMjj2 . Analysis of the singular value decomposition of Ar provides a means of determining 
the optimum or most effective solution t::,pd. 
The singular value decomposition Ar = USV * gives a transformation of Ar consisting of unitary 
matrices U and V* and a diagonal matrix S where Si,i = .Jeigenvalues of Ar * Ar . It will be assumed 
that U, S, and V* are such that the diagonal elements of Sare in descending order. In this form, the singular 
value decomposition can be interpreted as follows. The first element of S gives the largest gain, in the L2 norm 
sense jjMjj 2 = , between the input and the output.13 In this situation the input is LlP and the 
output is Ll'A. The first column vector v1 of V corresponds to the input which generates the largest gain in the u1 
of U output direction.13 The singular value decomposition can then be used to determine the optimum solution 
LlP. The norm of the desired trajectory, 11~/4d 11 2 = 1, is constant so the most effective solution minimizes 
jjMjj2 and corresponds with the largest gain. Given Ar of rank= k and the singular value decomposition 
matrices U, S, and V, the solution minimizing jjMllz is given by the following: 
This optimal solution can also be calculated using the Moore-Penrose generalized inverse of Ap, 
Ap +. The Moore-Penrose generalized i~verse is defined as Ap + = vs+u * where s+ is the transpose of 
S where the singular values are replaced with their reciprocals. Thus, the optimal solution can also be 
. d ~ + d 
calculated as M = Ap ~;i; . 10'12 
Thus, an expression for the most effective parameter perturbation vector LlPd has been developed 
which will move the dominant eigenvalue 'Ak along the desired trajectory. This expression now allows for the 
nominal operating parameters to be perturbed in the optimal manner and the procedure repeated at a new 
nominal operating point. Note that since LlPd represents the set of optimal percentage changes in the 
parameters, the new nominal operating parameters M can be calculated as follows: 
~ T d M = P,, +<5P = P,, +P,, ImM 
As the desired stability and performance for the physical systems is increased, LlPd will inevitably 
request parameter perturbations which will result in physically unrealizable parameters. For example volumes 
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or mass less than zero. This is not a concern for the above procedure as these physical limits on the parameters 
can be accounted for. APd is just an optimizing vector. Once physical parameter limits have been reached, APd 
can be modified to keep parameters within limits and results of the procedure will still be valid. 
One potential concern regarding this procedure is that the effect of parameter perturbations on the non-
dominant eigenvalue is neglected and may be significant. It is possible that a given AP which stabilizes the 
dominant eigenvalue has a much larger destabilizing effect on one of the remaining eigenvalues. Recall, 
however, that all eigenvalues are continuous functions. This guarantees that as long as the real part of the 
dominant eigenvalue is greater than the real part of all remaining eigenvalues, there exists some AP for which 
the real part of the dominant eigenvalue remains greater than the real part of all remaining eigenvalues. In other 
words, there can not be a discontinuous switch in the dominant eigenvalue. The implication of this is that AP 
may be limited by the assumption that the real part of the dominant eigenvalue is at least 5-10 times larger than 
all other eigenvalues. Physically it may not be possible to move the dominant eigenvalue along the desired 
trajectory without significantly destabilizing another eigenvalue. One solution to this problem is to include the 
desired trajectory of additional eigenvalues in the following equation. 
a ... 
P,2 
/).pm 
which for multiple eigenvalues can be expressed as 
/)./4i a P,!,AI a P,2,AI a P,m,A! /).Pi 
a P,l,A2 a P,2,A2 aP,m,A2 
aP,m,Aii 
Note that for a solution AP to exist, there are restrictions on the number of desired eigenvalue 
trajectories, ii , and the number of parameters, m. The restrictions are as follows: 
1. ii n The number of desired eigenvalue trajectories is less than or equal to the order of the system 
2. rank{A) ii The number of linearly independent row or columns of .A is less than or equal to the 
number of desired eigenvalue trajectories. 
3. rank(A) $; ii 2ii $; m Given the restriction that AP be real, the worst case scenario occurs when all 
/).,1 are complex. In this case, the number of parameters must be greater or equal to twice the number of 
desired eigenvalue trajectories. 
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Caution must also be taken when, due to physical limits, a parameter becomes saturated or reaches an 
upper or lower bound. The individual elements of the optimal solution set APd can not be interpreted 
individually. The reason for this will be discussed in the following example of the sensitivity procedure. 
4.1 Parameter Sensitivity Analysis Example 
This parameter sensitivity analysis is applied to a 4th order double mass spring damper system as an 
example in Appendix B. 
Table 3 lists the eigenvalue trajectories associated with each parameter obtained using the parameter 
sensitivity analysis. This information will be compared with the results obtained by actual parameter 
perturbations in order to verify these results. 
Table 3 Parameter Vectors via Sensitivity Analysis: Example 
Parameter Parameter Trajectory Magnitude Angle (degrees) % Total 
Magnitude 
kl -0.39 + 0.36i 0.53 137.51 0.24 
k2 0.34 + 0.lli 0.36 17.47 0.16 
b2 -0.21 + 0.35i 0.41 120.89 0.19 
ml 0.06 - 0.02i 0.06 -15.63 0.03 
m2 0.20- 0.80i 0.82 -75.96 0.38 
Total 2.18 1.00 
The-direction and large magnitude of the vector corresponding to the parameter m2 in this figure 
indicates that increasing m2 is very effective in reducing the imaginary component of the dominant eigenvalue. 
The magnitude of the ml parameter vector is very small indicating that it has a negligible effect on the 
trajectory of the dominant eigenvalue. Given this information, if it was desired to find a combination of all 
vectors such that their sum is the desired trajectory, this could be achieved by decreasing k2 and increasing kl. 
Figure 50 illustrates this according to the % Parameter Effectiveness obtained by the parameter sensitivity 
analysis. The relative parameter effectiveness values of 0.58 and -0.78 are associated with the parameters kl 
and k2 respectively. Note that these are the elements of the solution matrix AP representing the optimal 
percentage changes in the parameters. Therefore, the summation of their magnitudes will not necessarily add to 
1. It is the L2 norm jjMjj 2 which has been normalized to equal 1, i.e . .JI,j~pJ = 1. The figure also shows 
that as successive optimum parameter perturbations are made, the dominant eigenvalue of the system is 
stabilized with the real portion decreasing to -0.49. It is also interesting to note that as the eigenvalue becomes 
more negative, the relative effectiveness of kl and k2 is reversed. For real(A)=-0.3, decreases in k2 are most 
effective, however, at real(A)=-0.49 increases in kl are most effective. 
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A cautionary note was made that stated elements of b.P should not be interpreted individual, but rather 
as a solution set. Suppose that from Figure 50 we decide to increase only the parameter m2. The problem is 
that Figure 49, shows that increases in m2 have a destabilizing effect. Only the solution set, comprised on all 
parameter changes, has the stabilizing effect along the desired trajectory. 
Next the results of the example system are verified by individually perturbing all parameters in the 
characteristic equation and then solving for the roots. These results are shown in Figure 51 and tabulated in 
Table 4. Figure 51 and Table 4 verify the results obtained with the parameter sensitivity analysis procedure 
since the trajectories, angles, and relative magnitudes of each parameter match those of Figure 49and Table 3 to 
within a reasonable calculation accuracy. 
Table 4 Parameter Vectors via Computation: Example 
Parameter Parameter Trajectory Magnitude Angle (degrees) % Total 
Magnitude 
kl -0.0194 + 0.0170i 0.0258 138.70 0.24 
k2 0.0163 + 0.0055i 0.0172 18.67 0.16 
b2 -0.0097 + 0.0181i 0.0205 118.17 0.19 
ml 0.0029 - 0.0008i 0.0030 -15.93 0.03 
m2 0.0099 - 0.0382i 0.0395 -75.48 0.37 
Total 0.1060 0.99 
4.2 Parameter Sensitivity Analysis 
Using nominal parameter values from measurements and testing (see Table 5), the linearized system 
has the following characteristic matrix, A: 
-4.14e+003 
l.19e+004 
0.00e+000 
0.00e+OO0 
0.00e+O00 
0.00e+000 
4.06e+003 
-1.19e+004 
0.00e+OO0 
0.00e+000 
0.00e+000 
-3.36e+004 
0.00e+000 
0.00e+000 
-4.24e+002 
1.44e+004 
0.00e+000 
3.36e+004 
0.00e+000 
0.00e+O00 
4.24e+002 
-8.97e+006 
0.00e+000 
0.00e+000 
5.62e+003 
-l.05e+004 
0.00e+0O0 
0.00e+0O0 
0.00e+000 
-l.08e+004 
0.00e+000 
l.97e+001 
-9.87e+000 
0.00e+000 
l.00e+000 
-6.24e+001 
The eigenvalues of the system are thus determined by using MatLab's numerical routine to solve 
det(11,I-A)=0. 
Real 
Eigenvalues 
Imaginary 
-l.43e+002 
-l.43e+002 
-1.46e+002 
-1.46e+002 
-l.60e+004 
-8.97e+006 
6.36e+002j 
-6.36e+002j 
l.70e+002j 
-1. 70e+002j 
0.00e+000j 
0.00e+000j 
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Table 5 Eigenvalue Trajectories 
Parameter Parameter Eigenvalue Trajectory Vector Vector % Total 
Value Real Imaginary 
Magnitude Angle Magnitude 
(degrees) 
ken 5.30e+OO0 -0.0200 0.0130j 0.0240 150.0000 0.9000 
Ceo 3.00e-001 -0.0460 0.0025i 0.0460 180.0000 1.8000 
m 4.90e-004 0.0580 -0.4800j 0.4800 -83.0000 18.0000 
Xst 4.40e-001 0.0000 0.0000i 0.0000 0.0000 0.0000 
XnJ 3.80e-001 0.0000 0.O000j 0.0000 0.0000 0.0000 
GL 3.90e+000 -0.0850 0.1200j 0.1500 130.0000 5.6000 
Ad l.60e+001 -0.1500 0.9900j 1.0000 99.0000 38.0000 
kAd l.30e+001 0.0000 0.000Oi 0.0000 0.0000 0.0000 
VL l.70e+001 -0.0150 -0.0380i 0.0410 -110.0000 1.6000 
Vu 3.40e+001 0.2800 -0.1800j 0.3300 -33.0000 13.0000 
VR 5.00e+00l -0.0920 -0.1300i 0.1600 -130.0000 6.1000 
Vv l.00e+000 0.0000 -0.0000j 0.0000 -33.0000 0.0000 
kro 9.30e-004 -0.0170 -0.0470i 0.0500 -110.0000 1.9000 
Ce.L 9.90e+003 0.0250 -0.00Ui 0.0250 -2.6000 0.9400 
C,u 7.00e+002 -0.1500 -0.1500j 0.2200 -140.0000 8.2000 
Cvv 4.40e+005 -0.0003 -0.0002i 0.0004 -140.0000 0.0130 
Ps 5.50e+001 0.0670 . -0.0870i 0.1100 -53.0000 4.2000 
Total 2.6364 100.253 
Now a sensitivity analysis can be performed on any of these eigenvalues and the optimum perturbation 
set determined. The results are presented in Table 5, Figure 4, and Figure 5. 
4.3 Root Loci 
The following root loci show how the eigenvalues of the system vary with respect to various 
parameters. Using numerical techniques, a single parameter is varied over a range of values generating a 
sequence of eigenvalues. The numerical technique consisted of first solving for the equilibrium point at each 
value of the varied parameter. Next, these values were substituted into the characteristic matrix of the 
linearized model. Finally, the eigenvalues were calculated using MatLab routines, the results recorded, and the 
process repeated for the next value of the varied parameter. 
Portions of the sequence in the right half plane (positive real part) represent parameter values which 
result in system instability. Figure 6 through Figure 11 show root loci for various parameters. For each figure, 
the parameter is varied over the range given a low flow rate condition (Cg,R=200)as well as for a high flow rate 
condition (Cg,R=500). Therefore, the color coded curves represent changes in the eigenvalues as the parameter 
of interest is varied from low to high. The final root locus, Figure 12, is a sequence of eigenvalues with respect 
to flow rate at 3 supply pressures. 
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4.3.1 Result Interpretations 
The root loci show how the poles of the system are affected by variations in a single parameter. This is 
closely related to the sensitivity analysis performed in section 4.2. The sensitivity analysis gives the slope of 
the root locus for every parameter. This is illustrated by comparing the trajectory for the parameter Vu 
calculated in section 4.2 with Figure 6. The nominal pole locations are identified by the "o" marker and 
correspond with the trajectories of section 4.2. Thus, the trajectory of Vu is the tangent to the root locus of 
Figure 6 at the point identified by the "o" marker. 
Interpretation of Figure 6 through Figure 12 can be summarized as shown in Table 6. These are 
generalizations based on the root loci. The root locus for the flow rate, Figure 12, is most interesting. It 
basically indicates that for low supply pressures, flow rate stabilizes the system but at high supply pressures, 
flow rate destabilizes the system. This is also evident in the upper volume root locus, Figure 6. Here the low 
supply pressure, high flow rate sequence lies entirely to the left of the low supply pressure, low flow rate 
sequence. However, the high supply pressure, high flow rate sequence lies entirely to the right of the high 
supply pressure, low flow rate sequence. This is also clearly seen in Figure 8 through Figure 10. 
Table 6 Root Loci Results 
Parameter Stability Comments 
Doner Volume Destabilizing 
Vent Flow Coefficient An optimal value exists, however, this parameter primarily destabilizes.* 
Lower Volume An optimal value exists, however, this parameter primarily destabilizes.* The 
parameter primarily affects the real part of the eigenvalues. 
Throat Flow Coefficient Destabilizing and primarily affects the real part of the eigenvalues. 
Vent Volume Negligible effect on dominant eigenvalue. This is a result of oversimplification 
of the vent model. 
Discharge Volume An optimal value exists, however, this parameter primarily destabilizes.* 
Supply Pressure Tends to destabilize the lightly damped modes and stabilize the highly damped 
modes. 
Flow Rate For low supply pressures, flow rate is initially destabilizing but quickly changes 
to stabilizing. This is exhibited by the knee in the curves of Figure 12. As 
sunnlv pressure increases, the knee disannears and there is no stabilizing effect. 
Boost Pressure An optimal value exists, and primarily affects the real part of the eigenvalues.* 
* An optimal exists in the sense that as the parameter is varied throughout the ran·ge, a different 
eigenvalue becomes dominant. The optimal value is then achieved when the real part of the switching 
eigenvalues is equal as this results in the fasted decay of transients. 
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Root Locus onVL0 :5-70 
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Figure 9 Root Locus: Throat Flow Coefficient 
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Root Locus onVv:1-300 
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Root Locus onCVR:50-600 
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4.4 Design Applications 
The objective of this analysis is to gain insight into the stability characteristics of the system and 
develop design tools accordingly. The parameter sensitivity analysis of chapter 4.2 and the root loci of chapter 
4.3 help to accomplish this. The root loci technique can be likened to a coarse adjustment for the parameters of 
new designs, whereas the parameter sensitivity is like fine adjustment. The root loci analysis gives general 
stability characteristics of the system for a single parameter over a large range of values. The range of the 
parameter sensitivity analysis is limited by linearization since the trajectories are the instantaneous slopes of the 
root locus for that parameter. However, the sensitivity analysis does indicate relative stabilizing effectiveness 
between all parameters given an initial design. 
For the design of new systems, these tools can only be applied once a satisfactory model is developed. 
This is typically the most time consuming portion of control system analysis. Once the model is complete, 
however, the root loci can be used to generate an initial design or parameter set for a new design. Next, the 
parameter sensitivity analysis can be run in an iterative fashion to "fine tune" parameter values to maximize . 
stability and robustness. 
26 
CHAPTER 5 BOOST PRESSURE DESIGN ANALYSIS 
The kpo parameter is related to the boost pressure effect. The boost pressure effect is a result of the 
fluid flow in the region of the valve and changes with stem position. While the fluid dynamics in this region are 
too complex to model dynamically, computational fluid dynamics (CFD) can be used. This objective of this 
section is to help determine desirable performance objectives for CFD analysis. In other words, is there a 
particular kpo profile which stabilizes the system at low flow rates and reduces droop at high flow rates? The 
test data suggests the following relationship in terms of the boost pressure and kpo . 
Boost pressure= PR - P0 = (kp0 Q8 ) 2 
Figure 13 shows the root locus of kpo at various flow rates. In some instances there is a switching of 
the dominant pole which indicates there exists an optimal value of kpo• If the optimal parameter value is 
selected to be the point where the real part of both poles are equal, then this occurs at the 6th point for case #1 
and at the 3rd point for case #2. These optimal values were determined from Figure 13 and the corresponding 
boost and droop pressures are shownin Figure 14. This information can now be used as a benchmark for 
computational fluid dynamic analysis and compared with the present curves shown in Figure 15. 
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Boost & Droop Pressure Design Curve 
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These results indicate that robust stability via boost design is achieved at the expense of droop. It is 
shown that for the same flow rate, the optimally stable design has both a larger boost and droop than the present 
design. 
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CHAPTER 6 DYNAMIC SIMULATION 
The accuracy of the model is important if the analysis results are to be reliable. Calculation of the 
steady state equilibrium point of the model can often be used to assess model accuracy. Dynamic simulation is 
a second method. Using the nominal parameters and a supply pressure of 54.7 (psia), the following step 
response simulation was generated. Given Cg,u=700, Figure 16 shows the dynamic response of the system 
pressures in response to a unit step change in the load resistance. Figure 17 is a plot of the diaphragm position 
and velocity dynamic response. Figure 18 shows the droop pressure and the pressure differential between the 
upper chamber and the vent volume. 
It is known that there are differences between the behavior of the vent line in the system and the 
behavior of the model. It is anticipated that the pressure wave dynamics are the primary source. To investigate 
if this is feasible, the required pressure wave amplitude required for instability is approximated. If the 
amplitude is feasible for a 1 inch diameter vent pipe, then it will be assumed that the pressure wave dynamics 
are the primary source of instability in the vent. 
The modeling equation for the stable vent response of Figure 18 is Qu = Cg ,u (Pu - Pv ) . Now the 
simulation is run at a point of known instability, Cg,u=4000, and the modeling equation is 
Now the flow rates from the two simulations are set equal and then (Pu - Pv) is solved for. 
(Pu -Pv )=~ Pu -Pv =--(-0.157)=-0.8947 (inWC) C ( ' ') 4000 
Cg,U 700 
This indicates that in order for the system to be unstable, there must exist a sustained oscillation in 
pressure across the flapper valve with magnitude of 0.8947 (in WC). Using the ideal gas law, the equation 
below shows that this is equivalent to vibration oscillations of the diaphragm of only 4.7e-3 (in). Judging from 
Figure 20, this is feasible. The source of this destabilizing oscillation is likely the pressure wave dynamics in 
the vent line being out of phase with the pressure oscillations in the upper chamber. 
Pi= 14.7 = V2 = ½-Ad,ox = 34-l6x 
P2 14.7+0.8947(.0365) ½ ½ 34 
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Pressure Response Simulation: 50 unit step in c 9,R 
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Diff. Press. Response Simulation: 50 unit step in c 9,R 
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Diaphagm Response Simulation: 50 unit step in C 9,R 
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CHAPTER 7 VENT TRANSMISSION LINE MODEL 
7 .1 Model Development 
It has been established that the dynamics associated with lamina flow in a transmission line are given 
by the following equation. 
v = sinh(r) [ P. ] [cosh(r) Qu z. 
Z sinh(r)][patm] 14 
cosh(r) Qv · 
This equation is expressed in terms of hyperbolic trignomietric functions which are inifinite 
dimensional differential equations, however, they can be approximated by finite dimensional differential 
equations. 15 This approximation can then be used to develop an improved model for the dynamics in the vent 
line given the following definitions. Physical properties for air and natural gas were obtained from references 
16 and 17. 
is the propagation operator, 
vL 
DN = --2 is the dissapation number, er 
B -- 211 (j.J;ii) --~--=- is the Prandtl number Bessel function ratio, 
u j.J;iil0 (j.J;ii) 
B -- 211 (j.J;ii) ---=--~~ is the Bessel function ratio, 
l O 
r2 s = - s is the normalized Laplace operator, and 
V 
Z pc.h. d 0 = --2 1s t e 1mpe ance constant. 
Jrr 
It is desired that the inputs to this subsystem be the atmospheric pressure, P atm, and the flow rate of the 
upper chamber, Qu. Therefore, the previous equation can be rearranged and expressed as follows. 
( Zsinh(r)) ( 1 ) [Pv] = cosh(r) . co_sh(r) [ Qu] 
Qv ( 1 J (-smh(r)J Parm 
cosh(r) Z cosh(r) 
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It has already been determined that an adequate model for the flow across tlie flapper valve at the 
entrance to the vent line is given by Qu = Cg ,u ( Pu - Pv ) . Substituting this expression for Qu allows the 
transfer function between the upper chamber and the vent pressure at the flapper valve. 
Pv(s) _ Cg,uZsinh(r) 
C Zsinh(r) 
g,u cosh(r) 
Pu (s) - cosh(r)+ cg,Uz sinh(r) 1 C Z sinh(r) 
+ g,U cosh(r) 
The results of the finite approximation for the this transfer function are given below. Note how the 
two peaks in Figure 22 and Figure 23 indicate the resonant frequencies associated with the model. This is an 
improvement over the previous vent model and should help to capture the unstable phenomenon that is known 
to exist once it is coupled with the rest of the system model. 
It is known from field tests that small values of vent pipe length and Cg,U stabilize the system. These 
two scenarios are both characterized by a large gain (dB) at low frequencies in Figure 24 and Figure 25 
respectively. As either the vent pipe length or the value of Cg,u is increased, the transfer function approaches a 
1st order filter with a high cutoff frequency. This flat response at 0.0 (dB) is therefore associated with an 
unstable system. The zeros and poles for these approximations are shown in Table 7 and Table 8. 
Radius 
5.24e-001 
5.24e-001 
5.24e-001 
Radius 
5.24e-001 
5.24e-001 
5.24e-001 
Table 7: Vent Model Pv/Pu Data, Varying Length 
Length 
l.00e+000 
6.00e+00l 
l.20e+002 
7.00e+002 
7.00e+002 
7.00e+002 
Zero 
-4.75e-001 
-4.75e-001 
-4.75e-001 
I Pole#l Pole#2 
-l.98e+001 -5.21e+007 
-7.97e-001 -6.03e+005 
-6.36e-001 -9.09e+004 
Table 8: Vent Model Pv/Pu Data, Varying Cg,u 
Length 
6.00e+00l 
6.00e+00l 
6.00e+00l 
Cgu Zero I Pole#l Pole#2 
l.00e+002 -4.75e-001 -2.72e+000 -7.95e+004 
7.00e+002 -4.75e-001 -7.97e-001 -7.38e+005 
3.00e+003 -4.75e-001 -5.50e-001 -l.75e+006 
7.2 Stability Analysis with Vent Approximation 
Using the zero/pole approximation models shown in Table 7 and Table 8, a differential equation for Pv 
can be written as follows. 
Pv(s) _ (s-Zi) (s-Z1 ) 
Pu(s) (s-Pi)(s-Pz) s2 -(Pi+PJs+PiP2 
it = (Pi + PJPv -(PiPJPv + Pu -Z1Pu 
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Figure 23 Bode Diagram: 1/cosh(.) & 1/(z*sinh(.)), Variable Cg,u 
35 
Bode Plot: Pv/Pu, approx.(solid) & fit 
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Figure 25 Bode Plot: Pv/Pu, Variable Cg,u 
This 2nd order differential equation can now replace the old 1st order model for the vent dynamics and 
be used to evaluate the eigenvalues of the system as in Figure 26. For the various values of L, Cg,u is fixed at 
700. Likewise for the various values of Cg,u, Lis fixed at 0.1. Based on these results, it is concluded that the 
system as marginally stable (i.e. a pole at zero) for even small lengths of vent pipe. This is shown in Figure 26 
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Eigenvalues w/ Hyperbolic wnt model 
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Figure 26 Root Loci w/ Hyperbolic Vent Model: Varying L & Cg,u 
0 
by the real pole at-190 (L=0.l) moving to 0.0 (L=12). It is also concluded that an optimum value of Cg,u exists 
for L=0. l. The dominant pole for various Cg,u changes from a complex pair at -25, to a real pole at -140, and 
back to a complex pair on the imaginary axis as Cg,U varies from 100, to 1000, to 4000 respectively. 
7.3 Stability Analysis 
The previous section attempted to develop a transfer function model between the pressures Pv and Pu. 
This model was then combined with the remaining model and stability of the entire system was analyzed. Now 
a different method is used to analyze stability. There is a much higher degree of confidence in the model of the 
valve flow and mechanical linkages since these were developed from testing and well established engineering 
principles. This is not the case for the model of t~e fluid dynamics in the upper chamber and the vent line, 
however. For this reason, these two parts of the system will be separated into two model transfer functions. 
Next, the system is expressed in the following form. 
Pu (s) _ numerator(s) 
cg,R(s)- I+G(s)H(s) 
numerator(s) 
I+L(s) 
Once in this form, the open loop transfer function, L(s), can be identified from the characteristic 
equation 1 +L. Furthermore, stability of the entire system can be analyzed with respect to G and H 
independently. G represents the dynamics associated with the valve flow and mechanical linkages for which 
there is a higher degree of confidence. H represents the dynamics associated with the uncertain and complex 
fluid dynamics in the upper chamber and the vent line. Now, as suggested by Skyler Saemisch, analysis 
techniques can be used to determine what characteristics of H are required for the entire system to be stable. 
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Using the small gain theory, it is known that if the gain of L, assumed to be minimum phase, is greater 
than 0(dB) at a point where the phase=-180(deg)*360*i (i=0,1,2,3 ... ), then the closed loop system will be 
unstable. 13 This test, however, can not be applied since there are two complex conjugate zeros for G and it is 
therefore non-minimum phase. Stability can be determined, however, from the bode plot using the Nyquist 
stability criterion. The Nyquist stability criterion states that the closed loop system is stable if and only if the 
number of clockwise encirclements of the -1 +0j point on the Nyquist plot of L equals the number of right half 
plane poles of L. 18 The bode plot of G is shown in Figure 27. The fact that as the phase goes from 0° to -180°, 
the magnitude is greater than 1 (0dB) at the phase cross-over frequency indicates that the Nyquist plot of G has 
one clockwise encirclement of the -1 +0j point and is unstable. 
Zeros 
55+433j 
55-433j 
-266 
-15,990 
G 
Poles 
-60 
-16,020 
Figure 28 demonstrates a loop shaping technique used to find a stabilizing vent model. Lets assume 
that the dynamics associated with H can be represented by a single pole at -100. Then the closed loop stability 
of the system can be determined from the bode plot of L=GH. Figure 29 shows that in this case, the magnitude 
is less than 1 (0 dB) at the phase cross-over frequency and the closed loop system is stable. This is confirmed 
by the Nyquist plot ofL in Figure 30. 
In the above analysis, the transfer function H was assumed. The transfer functions G and H were 
selected such that H (s) = xd ((s )) . Selecting His this manner means that the transfer function H(s) can be 
Pus 
determined easily by testing. All that is required is to drive the diaphragm as a known amplitude and frequency 
and then measure the resulting pressure variations in the upper chamber. From this data, magnitude and phase 
of H(s) can be determined and the bode plot of H(s) determined. This procedure can easily be repeated for 
various vent pipe lengths and even for various flapper valve configurations. The loop shaping technique can 
next be used to design flapper valves with the desired frequency response to improve robust stability. 
The loop shaping technique can also be used to move the zeros and the poles of G to a more desirable 
position. Sensitivity analysis can be performed on the various zeros and poles of G to aid in this design. Figure 
31 through Figure 33 show the sensitivity analysis performed on the right-half plane zeros, the left-half plane 
zero, and the dominant pole of G respectively. Note that the pole and zero at approximately-16,000 essentially 
cancel one another. Once H(s) has been determined from testing, this information can be used to design for 
robust stability. Since zeros in the open loop transfer function typically represent bandwidth limitations, it is 
anticipated that the recommendation will be to increase the real part and decrease the imaginary part of the 
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Open Loop Bode Plot: G, H, & L 
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Figure 30 Open Loop Nyquist Plot: L 
right-half plane zeros. This might best be accomplished by decreasing Ado and increasing llleq according to 
Figure 31. From Figure 32, decreasing the linkage gain, GL, would have also be desirable. It is also anticipated 
that stabilizing the dominant pole of G would be desirable. From Figure 33, this could be accomplished by 
decreasing the lower chamber volume V Lo· It should also be noted that the hyperbolic vent model of section 7 .1 · 
might also suggest that decreasing Cg,u would help stabilize the system when vent piping is required. 
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Partial of kth Eigenvalue wrt parameters 
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Partial of kth Eigenvalue wrt parameters 
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Figure 33 Open Loop Pole Sensitivity 
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CHAPTER 8 CONCLUSIONS 
The results of the sensitivity analysis are given in section 4.2. The results indicate that for the nominal 
parameters, the following set of parameter changes will have the largest stabilizing effect (listed in order of 
significance). Recall that these recommendations only apply locally near the nominal parameter values. For 
parameter sets other than the nominal values selected in this paper, these results will vary and a new sensitivity 
analysis is required. 
1. Decrease the upper chamber volume 
2. Increase the vent flow coefficient 
3. Increase the discharge volume 
4. Increase the linkage gain 
5. Increase the linkage damping ratio 
The results of the root loci analysis are summarized in section 4.3.1. This analysis indicates that in 
many situations, there are optimal parameter values. Therefore, generalizations regarding the stabilizing or 
destabilizing effects of various parameters cannot be made due to the interdependence of the parameters. The 
root loci analysis will be best applied to a single parameter once all other design parameters have been selected 
and fixed. Prior to this point, an iterative approach using the sensitivity analysis is recommended. 
Despite the fact that further testing is needed to develop a vent model, preliminary analysis from the 
loop shaping analysis of section 7.3 leads to the following recommendations. 
1. decreasing Aa0 
2. increasing Illeq 
3. decreasing the linkage gain, GL 
4. decreasing the lower chamber volume VLo 
5. decreasing Cg,U 
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CHAPTER 9 FUTURE WORK 
The following areas have been identified for future work. 
• Perform dynamic testing to generate vent model 
• Incorporate the improved vent model 
• Incorporate cost factors into parameter optimization 
• Model new systems 
The over simplified vent model initially proposed, does not capture the pressure wave oscillations that 
are characteristic of the vent pipe. Improvement in this model could provide insight into the destabilizing 
interaction between the pressure waves in the vent and the pressure in the upper chamber which acts on the 
diaphragm. Second, there are always costs associated with parameter changes. These costs can be incorporated 
into the optimal solution for the sensitivity analysis. Basically, the optimal solution would weigh the stability 
improvement against the cost associated with the required parameter changes. Finally, a new model could 
developed for other systems and the design procedure repeated. 
'iii" ·@ 
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APPENDIX A. STEADY STATE TESTING 
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Figure 35 Throat Flow Coefficient Cg,L: Square Root of Differential Pressure Model 
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Figure 36 Throat Flow Coefficient Cg,L: Differential Pressure Model 
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Vent Data, Flow w. Dill. Pres. (inWC) 
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APPENDIX B. EXAMPLE: PARAMETER SENSITIVITY ANALYSIS 
Consider the following dynamic system: 
Figure 47 Parameter Sensitivity Analysis Example System 
This 4th order dynamical system is determined by the 5 parameters kl, k2, b2, ml, and m2. For 
demonstration purposes, any set of nominal parameter values can be selected. The following example uses 
nominal parameter values ofk1=6, k2=4, b2=3.5, ml=.40, and m2=1.8. Inserting the nominal parameter values 
into the dynamic equations, the eigenvalues of the system can be determined from the following characteristic 
matrix A. 
0 1 0 0 
-25 -8.75 10 8.75 A= 
0 0 0 1 
2.12 1.85 -2.12 -1.85 
Now the eigenvalues can be calculated by solving the equation det(AI-A)=0. 
Eigenvalues 
I Imaginary Real 
-3.05e-001 
-3.05e-001 
-2.58e+000 
~7.51e+000 
-l.28e+000 
l.28e+O00 
0.00e+000 
0.00e+000 
The parameter sensitivity analysis is thus performed on the dominant eigenvalue A=-0.305+ l.28j. 
(/) 
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Partial of kth Eigenvalue wrt parameters: Example 
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Figure 48 Parameter Sensitivity Eigenvalue Trajectory: Example 
Partial of kth Eigenvalue wrt parameters: Example 
I 
I 
0 
----- -------:- --_1:o~:- --~- -- ------)- ------ ------ ------ --
I I '·!-..,. \. I I I I I 
I I I"--...._ \ I I 1 I 1 
I I I '-........._ \.I ! I I I 
- - - - - - - - - - - -:- - - - - - -:- - - - - - - - - - - - - - - -k~- - - - - - - - - - - -
I .,...._~I'---;._" '-s I -------------r-- I I 
I I I l '..:: _.. ... 1.-~ ... -· I I I 
I I I I e---·- f I I I 
I I I 1 \··-.m I I l I 
- - - - - --1 - - - - - - -1- - - - - - -1- - - - - - -1- - - - \-- - - +- - - - - - - + - - - - - - -+ - - - - - - -1-- -
: : : : \ : : : I 
I I 1 I \ I t l 
I I I I \ I I I I 
- - __ - -1 - __ - - - _[_ - - - - - -1- - - ___ - L ____ -\ L - - ____ l. __ - __ - ..l - _____ ..l __ 
I I I l \ I I I I 
\1 
\1 
1 l I I \ I I 1 
_____ 1 _______ 1 _______ 1 _______ 1 ------~------I ______ I ______ J __ 
I l I f I \ I I 1 
I I I I \ I I I 
I \ 
I I I I I \ I I I 
I. I I \ I I I 
-+ Eigenvalues I l I \ I I l 
Desired Trajectory 1 1 \ 1 1 
Parameter Derivatives 1 1 m2 1 1 
-1 -0.8 -0.6 --0.4 -0.2 0 0.2 0.4 
Real Axis 
Figure 49 Zoom of Figure 48 
C 
w 
ID 
5 
:g 
om w 
j 
; 
0.. 
.~ ;; 
j 
1:-
"' -~ 
E 
53 
Stabilizing Parameter Perturbation Vectors: Exam pie 
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